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EXERCICIO PROPOSTO

barras tém secg¢do 0,30 m x 0,40 m.

Considere a estrutura representada na figura, realizada em betdo com E = 25 GPa e em que todas as

Responda as alineas aplicando o Método dos Deslocamentos.

a) Determine os deslocamentos dos nés da estrutura;
b) Determine as rea¢des nos apoios;

c) Trace os diagramas de esfor¢os da estrutura.

| 3m i 2m {
40 kN 50 kN
0,002 rad %

20 kNm 30 kNm
X [yyoiam

9 5| 25N
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2]

30° im
X
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RESOLUCAO

o MATRIZ DE RIGIDEZ ELEMENTAR - SISTEMA DE EIXOS LOCAL

EA _EA
L 0 0 L 0 0
12E1 6EI 12EI 6EI
0 3 12 0 3 12
6EI 4ET 6EI 2E1
0 2 0 -
L 2 L
[KL] — L L
_EA EA
L 0 0 L 0 0
12E1 6EI 12EI 6EI
0 EE: 0 ENRY]
6EI  2EI _BEI  4EI
0 2 L 0 2 L
e MATRIZ DE TRANSFORMACAO
coso  sen 0 0 0 0
-sen 0. Ccos O 0 0 0 0
0 0 1 0 0 0
[T] =
0 0 0 coso  sendq 0
0 0 0 -sen QO C€OS O 0
0 0 0 0 0 1

¢ MATRIZ DE TRANSFORMACAO TRANSPOSTA

i cosa -seno O 0 0 0 |
seno, Ccos O 0 0 0 0
0 0 1 0 0 0
[T1" = 0 0 0 coso. -senc O
0 0 0 seno €os O 0
0 0 0 0 0 1

® MATRIZ DE RIGIDEZ ELEMENTAR - SISTEMA DE EIXOS GLOBAL

ke ]= [T]7 [k ] [7]
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ALINEA a)

e GRAUS DE LIBERDADE DA ESTRUTURA (SISTEMA GLOBAL)

A2 1 A3 A5 A ﬁAG
2 1 -
@ A1 1] @ A4
2]
ABA o A9
)
@ A7
3]
Al A12
@ A10

e MATRIZ DE RIGIDEZ LOCAL, MATRIZ DE TRANSFORMACAO E MATRIZ DE RIGIDEZ GLOBAL

BARRA 1 Nos1-2 Graus de liberdade (sistema global): A1, A2, A3 - A4, A5, A6
E = 25x10° kPa b=03m A=0.12 m? 00 cosa=1
a=0°? =
L=5m h=0.4m 1=0.0016 m* sino=0
600 000 0 0 {-600000 O 0 1 0o o04{0 o0 O
0 3840 9 600 0 -3840 9 600 0 1 0 0 0 0
1 0 9600 32000 0 9600 16000 1 0 0 1,0 0 O
HE Aeb
600000 O 0 | 600000 0 0 o 0 o0!1 o0 O
0 -3840 -9 600 0 3840 -9 600 0 0 0 0 1 0
0 9600 16000 0 9600 32000 o 0 o0} 0 0 1
1 2 3 4 5 6
1 600 000 0 0 -600 000 0 0
2 0 3840 9600 0 -3840 9 600
1 1 3 0 9 600 32000 0 9600 16000
) = =] -
4| -600000 0 0 600 000 0 0
5 0 -3840 -9 600 0 3840 -9 600
6 0 9 600 16 000 0 9600 32000
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BARRA 2 Né6s2-3 Graus de liberdade (sistema global): A4, A5, A6 - A7, A8, A9
E = 25x10° kPa b=03m A=0.12m? 90 ¢ coso=0
o= -90°
L=3m h=0.4m 1=0.0016 m* sina = -1
1000 000 0 0 -1000 000 0 0 0 -1 0 0 0 0
0  17777,78 26666,67 0  -17777,78 26 666,67 1 0 0y0 0 O
[KZ} _ 0  26666,67 53333,33 0  -26666,67 26666,67 [ 72 } | o 0 1,0 0 0
il = =
-1000 000 0 0 1000 000 0 0 c 0 o0;0 -1 0
0  -17777,78 -26 666,67 0 17 777,78 -26 666,67 6 0 o0{1 0 O
0 26 666,67 26 666,67 0 -26 666,67 53 333,33 c 0 o0;y0 0 1
i 4 5 6 7 8 9 .
4| 17777,78 0 26 666,67 | -17 777,78 0 26 666,67
5 0 1000000 0 0 -1000000 0
) 517 ) ) 6| 26666,67 0 53 333,33 | -26 666,67 0 26 666,67
x| =[] ][]
7| -17777,78 0 -26 666,67 | 17 777,78 0 -26 666,67
8 0 -1000000 0 0 1000000 0
9| 26 666,67 0 26 666,67 | -26 666,67 0 53 333,33
BARRA 3 No6s3 -4 Graus de liberdade (sistema global): A7, A8, A9 - A10, A11, A12
E = 25x10° kPa b=0.3m A=0.12m? cos o, =-0.8944
. = -153,435° =
L=3.5m h=0.4m I1=0.0016 m sin o = -0.4472
447 213,60 0 0 -447 213,60 0 0 -0,8944 -0,4472 0O 0 0 0
0 1590,09 533333 0 -1590,09 5333,33 0,4472 -0,8944 0O 0 0 0
3 0 5333,33 23851,39 0 -5333,33 11925,70 3 0 0 1 0 0 0
K] - -
-447 213,60 0 0 447 213,60 0 0 0 0 0 {-0,8944 -0,4472 O
0 -1590,09 -5333,33 0 1590,09 -5333,33 0 0 0 10,4472 -0,8944 0O
0 5333,33 11925,70 0 -5333,33 23851,39 0 0 0 0 0 1
i 7 8 9 10 11 12 ~
7 | 358088,89 178249,40 2385,14 |-358088,89 -178249,40 2 385,14
8| 178249,40 90714,79 -4770,28 |-178249,40 -90714,79 -4770,28
T 9| 238514 -4770,28 23851,39 | -238514 477028 1192570
&)= ][]
G L 10| -358 088,89 -178 249,40 -2385,14 | 358088,89 178249,40 -2385,14
11| -178 249,40 -90714,79 477028 | 178249,40 90714,79 4770,28
12| 238514 -4770,28 1192570 | -2385,14 4770,28 23 851,39
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¢ VETOR DE SOLICITACAO

Solicitacdo aplicada nos nds (sistema global)

N6 2

25
-50
-30

%]

Solicitacdo aplicada nas barras — Forcas equivalentes nodais

_ 7T
I:Global =T. I:Local

Graus de liberdade - sistema local:

BARRA 1 Nés1-2

ALl, AL2, AL3 - AL4, ALS, AL6

Graus de liberdade - sistema global: AG1, AG2, AG3 - AG4, AG5, AG6

SISTEMA DE EIXOS LOCAL SISTEMA DE EIXOS GLOBAL
AL2 1 ﬁAL3 AL5 1 A)ALG AG2 t ﬂAGS AG5 1 ﬂAGG
T P vy
® i B el i ) Aot
Flresa=0
b2 ) Py= - 40 kN
_ Ny -40 x2
Flesq= X (L + Za) = 5—3 (5 +2X 3) = -14,08 kN Frev - LOCAL
P .a.bz _40 X3X22 Fl 0
Fl\/l-esq = L2 = 52 = -19,2 kNm F, '14,08
Py= -40 kN F3 _ -19,2
I://dir =0 Fa - 0
.a’ 0 x32 Fs -25,92
Fuor = 2o—(L+2b) = “023(542x2) = -25,92 kN Fe 288
L 5
P,.a” b -40 x32x2
Fdir = —— . = - : = 28,8 kNm
L 5
} 3m | 2m | } 5m |
2592 kN
A0KN 14,08 kN
=S
@ 1] ) @ @

versdo 0
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Flfesq=0
Mz = -20 kNm
6 M 6% (-20) z
Flesg= — Z . = —-— 2 =
lesq 3 a.b 3 X3 X 5,76 kN Fren - LOCAL
M- .b R
FM—esq= - Z 2—£ = - 20 x2 2—3X2 = 6,4 kNm Fl 0
L > > F 5,76
Mz =-20 kNm 2 ,
F/rair=0 Fs | 6,4
6 M - Fa 0
Frar= L Z ap = 8%XE20 5o - 576 kN e 576
Fe 2,4
M . _
Fugrs ——22(2-38) = _220X3(5_3X3) _ 5 4 j\m
L L 5 5
| 3m | 2m | | 5m |
5,76 kN 5,76 KN
2,4kNm
20kNm ™y 6,42kNm (T\ '/‘1\
1 (=4
@ 1] ) @ 1] @
Py=-40 kN + Mz=-20 kNm Barral - Nés 1-2
Fi.en - LOCAL Fi.eny - LOCAL
F1 0+0 Fq 0
F2 -14,08 + 5,76 F2 -8,32
F3 '19,2 + 6,4 F3 -1218
= :> =
Fa 0+0 Fa 0
Fs -25,92 -5,76 Fs -31,68
Fe 28,8+2,4 Fs 31,2

E facil relacionar o sistema de eixos local com o global:

ALl & AG1
AL2 & AG2
AL3 & AG3
A4 & AGA
ALS & AGS
AL6 & AG6

Barral - Nos 1-2

Feen - GLOBAL

Fi 0

F» -8,32
Fs B -12,8
Fa B 0

Fs -31,68
Fe 31,2

versdo 0

6/19

Método dos Deslocamentos — Est. cont.-2



Instituto Superior de
Engenharia do Porto

I isep

TEORIA DE ESTRUTURAS

DEPARTAMENTO DE ENGENHARIA CIVIL

ISABEL ALVIM TELES

BARRA 2 Nés2-3

Graus de liberdade - sistema local: AL1, AL2, AL3 - AL4, AL5, AL6
Graus de liberdade - sistema global: AG1, AG2, AG3 - AG4, AG5, AG6

SISTEMA DE EIXOS SISTEMA DE EIXOS
LOCAL GLOBAL
Y VY
AL2 ‘\
@IJ S G T @
AL AL3
2] 2] 2m
A8 A
A9 2 20 sen30°
AL5 RE
@ 7 @ _A? © |
ALaY AL6 im g”” 20 kN
1 oa3lg
@
P, =20 sen 30° kN (L a barra) )
Forca 20kN = =4
P, = 20 cos 30° kN (// a barra)
Fljesq=0
2
P, .b o 2
Fles = (L+2a) = 2058030 XL (3, 7x2) = 2,5026 kN
L 3
PV'a'bZ 20sen 30° x2x 12
FM—esq = = = 2,2222 kNm
LZ 32
Py= 20sen 30° kN
F/air=0
a* 20sen 30° x2°
Frar= ~——(L+2b) = S580=2 X2 (342x1) = 7,4074 kN
L 3
Py.a°.b 205en30° x22 x1
Fum-dir = — = - = —4,4444 kKNm
2 2
L 3
2,2222 kNm
- Py= 20sen 30° kN
T @ @ 2,5926 kN Fien - LOCAL
2m F1 0
@ i PN 3m @ F» 2,5926
20 sen30 F 2,2222
—> LIl ’
Fa 0
1im 7,4074 kN Fs 7,4074
© 1 ® J—» Fe -4,4444
4,4444 KNm

versdo 0
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P..b 0
Firesg= = = 20 cos :0 X1 _ 57735 kN
FLesq =0
FM-esq =0
Px = 20 cos 30° kN
P, .a o
Frar= X2 = 2000530 X2 _ 445479 kN
L 3
Fiair=0
Fvair =0
5,7735 kN
. I l Px= 20 cos 30° kN
(2) (2)
- Fien - LOCAL
2m Fx 5,7735
2] =N sm (2] F2 0
o N Fa | 0
¢ 3 Fa 11,5470
B @ Fs 0
+oale i) Fe 0
l 11,5470 kN

Py=20cos 30°kN + Px =20 cos 30° kN Barra2 - Nos 2-3
Fien - LOCAL Fien - LOCAL
F1 0+5,7735 F1 5,7735
F, 2,5926+0 F, 2,5926
F3 _ 2,2222+0 Fs _ 2,2222
Fa | 0+ 11,5470 = Im |7 11,5470
Fs 7,4074 +0 Fs 7,4074
Fe -4,4444 + 0 Fe -4,4444

E facil relacionar o sistema de eixos local com o global:

Barra2 - Nos 2-3

ALl & - AGS AG4 & AlL2
AL2 & AG4 AG5 & -ALl
AL3 & AG6 AG6 & AL3
A4 & -AG8 AG7 & ALS
ALS & AG7 AG8 & -Al4
AL6 & AGY9 AGY & AL6

Fc.en - GLOBAL

Fa 2,5926
Fs -5,7735
Fe | 22222
F, “ | 74074
Fs -11,5470
Fo -4,4444

versdo 0
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Graus de liberdade - sistema local: AL1, AL2, AL3 - AL4, ALS5, AL6

BARRA 3 Nés3 -4 . )
Graus de liberdade - sistema global: AG7, AG8, AG9 - AG10, AG11, AG12
SISTEMA DE EIXOS LOCAL SISTEMA DE EIXOS GLOBAL
A8 ﬂAQ
A7
3 ®
A1l A12
@ A10

10 kN/m

Comprimento da barra: L= 34/5 = 6,7082 m

cos o0 =0,8944

0L=arctgi = o= 26,5650 =
6 sen o =0,4472

8,9443 kN/m

10 cos a

10sena = 4,4721 kN/m
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F/resq=0
p,.L —
Frge Pyt _ 10 cos o X345 = —30 kN
) 2
p, L - ?
s ylz _ —10cos (;2><(3\/§) = —33,5410 kNm
py = -10 cos a kN/m
F/sair =0
p, L -
Fa= Pyt 10 cos o, X34/5 = —30 kN
P 2
2
__ —10cos olczx (3+/5) = 33,5410 kNm

33,5410 kNm

30 kN
it pv =-10 cos a kN/m
P 33,5410 kNm @ Fien - LOCAL
30 kN Fi 0
F2 30
F: | _ | 33,5410
Fa N 0
Fs 30
Fe -33,5410

py-L _ —10sena x34/5 Px = -10 sen a kN/m
Flresa = = = —15 kN
2 Fien - LOCAL
Flea =0 F1 15
F M-esq = 0
px = -10 sen a kN/m K Fa 0
Py -L —10 sen o X34/5 Fs 0
F/yair = = = —15 kN =
2 2 Fa 15
Fiar=0 Fs 0
Fumair=0 Fe 0
® /
15 kN
616%2«\
(3]
@
15 kN
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py =-10 cos a kN/m + px =-10 cos o kN/m Barra3 - Nés 3-4
Fien - LOCAL Fien - LOCAL
Fa 0+ 15 F1 15
F, 30+ 0 F> 30
F3 _ 33,5410 + 0 F3 _ 33,5410
Fa | 0+ 15 “r |~ 15
Fs 30+ 0 Fs 30
Fe -33,5410 + 0O Fe -33,5410

_TT
I:Global =T. I:Local

Barra3 - Nos 3-4
| Foen | = | i | * | Fen | Feen - GLOBAL
[= -0,8944  0,4472 0 0 0 0 1 15 71 Fz 0 kN
Fg -0,4472 -0,8944 0 0 0 0 2 30 8| Fs -33,5410 kN
Fo 0 0 1 0 0 0 3| 33,5410 9| Fe _ | 33,5410 kNm
10| Fao 0 0 0 |-08944 04472 0 4 15 10| Fio |~ 0 kN
11| Faa 0 0 0 |-04472 -0,8944 0 5 30 11| Fu -33,5410 kN
12| F12 0 0 0 0 0 1 6| -33,5410 12| Fi2 -33,5410 kNm

Vetor solicitacdo - sistema de eixos global
[ 0 ] [ 0 IE
2 -8,32 -8,32 2
3 -12,8 -12,8 3
4 25+0+2,5926 27,5926 4
5| -50-31,68-5,7735 - 87,4535 5
[ ] 6| -30+31,20+2,2222 - 3,4222 6
fo l = 7,4074 +0 7,4074 7
s | -11,5470 + 33,5410 - 45,088 8
9| -4,4444 +33,5410 29,0966 9
10 0 0 10
11 -33,5410 - 33,5410 11
12 - 33,5410 - 33,5410 12
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Vetor das reacdes Vetor dos deslocamentos

sistema de eixos global sistema de eixos global

1 [ R1 ] o 0

2 R2 5 0

3 R3 3 - 0,002

4 0 4 T

5 0 5 A5
[Re]=¢|__o [ag]=¢|__e

7 0 7 a7

8 0 8 A8

9 0 9 A9

10 R10 10 0

11 R11 1 0

2| 0 ] 12 A12

e MATRIZ DE RIGIDEZ GLOBAL DA ESTRUTURA

[Ke 1%t. [Ag] = [Fs ]+ [Rg ]

4 5 6 7 8 9 12 1 2 3 10 11 _

4 * = +
5
6
7 K Kir Ay Fui 0
8
9
12
X _ - -
2
3 Kr Ker A Fe R
10
11
[KLL]' [Au ]+[KLF]' [AF ]= [FL ] = [ALi ]

[ke ] [ag T+ [kee ] [ae I= IR T+ [Re ]

Na pagina seguinte est3o representados o sistema [Kg 5. [Ag ] = [Fg ] + [Rg ] na forma inicial, com
os graus de liberdade ordenados de forma crescente do 1 ao 12, e na forma rearranjada, separando graus
de liberdade sem restricbes de deslocamento (livres): 4, 5, 6, 7, 8, 9 e 12 e graus de liberdade com
restricdes de deslocamento (fixos): 1, 2, 3, 10 e 11.
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Deslocamentos dos nds da estrutura

Al= 0
A2= 0
A3 = -2,000 x 10 rad a
A4 = 2,071x10* m -
A5=-2,378x102 m 2
A6= 8903x10° rad ¥
A7= 1,161x102 m -
A8=-2,376 X102 m 2
A9= 3,892x10% rad
A10= 0
All= 0

A12 = -9,266 x 102 rad "

ALINEA b)
178,466 kNm
Reaccdes nos apoios r\
-~
124,239 kN
R1= H1= -124,239 kN «“ T
R2=V1= 81,271 kN 1 81,271 kN
R3= M1= 178,466 kNm *
R10= H4= 89,239 kN ->
R11=V4= 93,131 kN 1
—l

89,239 kN
93,131 kN
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TEORIA DE ESTRUTURAS ISABEL ALVIM TELES

ALINEA c)

Esforcos nas barras

[RI=1[K]-[A]-[Ren]
[A]=1T].[Ag]

[RI=[K].[T]1.[Ag] = [Fen]

BARRA 1 N6s 1 -2
ALl & AG1 = 0
AL2 & AG2 = 0
Al3 & AG3 =-2,000x 103
A4 & AG4 = 2,071x10*
A5 & AG5  =-2,378x107

A6 & AG6 = 8903x10°

F. = Ki * Ay - Fien
F1 600 000 0 0 -600 000 0 0 1 0 1 0
F2 0 3840 9 600 0 -3840 9 600 2 0 2 -8,32
F3 0 9 600 32 000 0 -9 600 16 000 3| -2,000x 103 3 -12,8
Fa -600 000 0 0 600 000 0 0 4| 2,071x10* 4 0
Fs 0 -3840 -9 600 0 3840 -9 600 5| -2,378 x 102 5 -31,68
Fe 0 9 600 16 000 0 -9 600 32 000 6| 8,903 x10° 6 31,2

Barral - Nos 1-2 AL2 A)AL3 AL5 ﬂALG
F. - LOCAL
@ AL1 m @ AL4
F1 -124,239 kN
F> 81,271 kN 81,271 kN 41,271 kN
Fs 178,466 Nm 178,466 kNm \(* l,é)m?,sm kNm
= < ] >
Fa 124,239 kN 124,239 kN @ [ @ 124,239 kN
Fs -41,271 kN
| 3 | 2 |
Fo 167,891 Nm ‘ m ‘ m !
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BARRA 2 Nés2-3
ALl & -AG5 = 2,378x 107
A2 & -AG4A = 2,071x10*
A3 & AG6 = 8903x10”
Ald & - AGS = 2,376 x 102
AL5 < - AG7 = 1,161 x 102
AL6 & AGY9 = 3,891 X 10—3
F. |= Ki * AL - Fien
F1 1000 000 0 0 -1000 000 0 0 1| 2,3786-02 | 1] 57735
F2 0 17 777,78 26 666,67 0 -17 777,78 26 666,67 2 2,071E-04 2| 2,5926
Fs 0 26 666,67 53 333,33 0 -26 666,67 26 666,67 3| 8,903E-05 3| 2,2222
Fa -1000 000 0 0 1000 000 0 0 4| 2,376E-02 4111,5470
Fs 0 -17 777,78 -26 666,67 0 17 777,78 -26 666,67 5 1,161E-02 5| 7,4074
Fe 0 26 666,67 26 666,67 0 -26 666,67 53 333,33 6| 3,891E-03 6| -4,4444
8,729 kN
Barra2 - Nos 2-3 AL2 J/’\} 97,891 kNm
- — — e
F. - LOCAL 2 J ©) 99,239 kN
ALy~ ALS
Fi 8,729 kN 2m
F -99,239 kN
z 2] 2]
Fs -197,891 Nm B
Fa| | -26,049 kN .
F 89,239 kN ALS n
s s 3 p—pp (3) é———3 89,239 kN
Fe -89,825 Nm J ()
ALdy AL6 89,825 kNm
26,049 kN
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BARRA 3 Né6s3-4
F. |= Ki * T *| A |-|Fren
F1 447 213,60 0 0 -447 213,60 0 0 -0,8944 -0,4472 0 0 0 7 11,161E-02 15
FZ 0 1590,09 @ 5333,33 0 -1590,09 5333,33 0,4472 -0,8944 0 0 0 8 [-2,376E-02 30
F3 0 5333,33 23851,39 0 -5333,33 11 925,70 0 0 1 0 0 0 9 (3,891E-03 | 3 |33,5410
F4 -447 213,60 0 0 447 213,60 0 0 0 0 0 |[-0,8944 -0,4472 O 10 0 4 15
F5 0 -1590,09  -5333,33 0 1590,09 @ -5333,33 0 0 0 [0,4472 -0,8944 0O 11 0 5 30
FG 0 5333,33 11925,70 0 -5333,33 23851,39 0 0 0 0 0 1 12 1-9,266E-03| 6 [-33,5410
5% @
Barra3 - NoOs 3-4
F. - LOCAL

F1 91,467 kN

F2 -16,610 kN

F3 89,825 Nm

Fs -121,467 kN 3]

3m
Fs -43,390 kN o
Fe 0 Nm b3 @
4
2! | 6m |
A2V \ \

s
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Diagramas de esforcos

124,239 81,271

-99,239

26,049
-89,239

MOMENTOS FLECTORES (kNm)
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