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EXERCICIO

Considere a estrutura abaixo representada.

As barras AB e BC estdo submetidas as variagdes de temperatura indicadas na figura e o apoio F
tem um assentamento vertical de 2 mm.
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0.20
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30 kN
F 1
: PN
80 kN $ 5 mm
} 24m : 24m : 40m :

Barras AB e BC
Seccdo (bxh) =0,20m x 0,30m
Betdo: E=30GPa; a=10°/°C

Restantes barras
Area = 10 cm?
Aco: E =210 GPa

Responda as alineas seguintes desprezando a contribui¢do do esforgo transverso.

a) Determine as rea¢des e trace os diagramas de esforcos da estrutura;

b) Determine o deslocamento vertical do ponto B.

versdo 1 1/13 Mét. Forgas — Est. mista hiperestatica
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RESOLUCAO
Alinea a)

A estrutura é 1 vez hiperestatica por condi¢des externas e 1 vez hiperestatica por condigdes internas,
logo a estrutura é hiperestatica de grau 2.

A estrutura (S) vai ser decomposta no sistema Sp e nos sistemas S; e S;:

S =S+ X1xS1+ X2x82

sendo: X;—incdgnita hiperestatica correspondente ao momento de encastramento no apoio A.

Xz —incognita hiperestatica correspondente ao esforgo axial na barra DF.

lwom
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versdo 1 2/13 Mét. Forgas — Est. mista hiperestatica
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e Calculo da estrutura So

Determinag¢do das reagdes:

S Fx=0 Hy+Hp+30 =0 HA:%kN -
Toda a estrutura | > Fy=0 Vo +V-180=0 Vy,=50kN T

2 Ma=0 Ve x8,8 + Hpx3 +30x3 — 80 x4,8 —100x2,4 =0 | H = _% KN
Corpo ABC 2Mc=0 100 X 2,4 — V, X 4,8=0 Ve=130kN T

l100kN
Ha A
—

}—7 24m } 24m

Sistema base So - Esforgos axiais

X
p 24

120kNm

X
) =4

Sistema base So - Momentos fletores

versdo 1 3/13 Mét. Forgas — Est. mista hiperestatica
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e Calculo da estrutura S;

Determinagdo das reagdes:

_ 1
D Fx=0 Hy+Hp=0 HA—3'6 kN —
Toda a estrutura | > Fy=0 Vp+Ve=0 Vp= _418 N L
2Mp=0 Ve x8,8 + Hpx3 — 1 =0 He=—s kN
Corpo ABC 2Mc=0 1+ V,x 4,8=0 Ve= o kN T
1kNm
ﬂ»ﬁ‘
AN
Va
Fiz.‘tm

E

oX
.4

&
E

Sistema base S; - Momentos fletores

versdo 1 4/13 Mét. Forgas — Est. mista hiperestatica
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e Calculo da estrutura Sz

Determinag¢do das reagdes:

D Fx=0
Toda a estrutura | > Fy=0
2Mp=0
Corpo ABC > Mc=0
Ha_ A b T
5 B c
VAT I 1.5m
— |
Hy+Hp=0 Hy=0 5 TN
Vya+Ve=0 V=0 rem
F He l
-
Vix88+Hpx3=0 |Hg =0 €
VFT
VX 4,8=0 Vi=0 |
|

oX
)4

oX
)24

Sistema base S; - Momentos fletores

versdo 1 5/13 Mét. Forgas — Est. mista hiperestatica
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METODO DAS FORGAS

(desprezando a contribui¢do do Esforgo Transverso)

Barras bi-articuladas

Barras continuas

I | I
' T T
s1 sy NL |1 NoxN M; XM inf ~'sup |
TF o XBg =1INy o+ INy @ AT Ll [—pr—dz [ dz + [ NpouT g dz + My o= = dz
I : | I
' T T, |
S2 1 NL | | Nsz MZXM inf sup
TFoe XD =] ZN, £ x + IN, o AT L|+:_f Sy dz [z [Ny T g dz + My 0 de
\ I T
) N:N0+X1N1+X2N2
Considerando:
M=M0 +X1 M1 +X2 M2
S10t 891- Xg +645. X,=0
820+ 851 X; +655. X,=10
_ _ barras bi-articuladas _
| |
S1 |
810 = ZFextxAR |Z N, +ZN1a ATL:+
DONgxXNg MMy T T
44|j dz+ [ Ny.0LT o dz +] dz + [M; .0 —d
.- |
barras continuas
_ _ _barras bi-articuladas _ _
| Ng L '
80 = — ZFesXthAR+: I N,—2- + 3 Nya AT L+
FNgXNg o oo cMyxXMg o Tinf = Teup . |
+:J'sz+jN2.oc.Tmeddz +| e a2 + [ M. -t dz
- .. |
barras continuas
_artic. cont
Lo NgLD T ONgxNg | MyxMy |
______ e P |
_artic. cont. ____
| NyLE TNy XN, MyXMy |
812—!2N1ﬁ :J‘ EA dz J. ET dZI = 621
_artic. _____cont. _____
| NyLi 1 e NyxN, My xM, |
822—:ZN2 +:j A dz+| oo d |
versdo 1 6/13 Mét. Forgas — Est. mista hiperestatica
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e Barras bi-articuladas

EA=210x10° x 10x10* = 2,1 x 10°> kPa x m?

L | No N; N> N, L N, L N, L N, L N, L
BARRAS R —_— —
m) [ o) | vy |y | MiEa | N2 1 e 1ea | N2
CcD 4 0 0 g 0 0 0 0 3,386x10°
EF 4 -30 0 % 0 -7,619x10* 0 0 3,386x10°
CE 3 80 0 1 0 1,143x1073 0 0 1,429x10°
cG 2,5 —? —ﬁ —g 8,956x10% | 4,209x103 | 1,435x10 | 6,889x10° | 33075105
GF |25 —% —ﬁ —g 8,956x10% | 4,299x103 | 1,435x10% | 6,889x10° | 33074105
EG 2,5 0 0 —g 0 0 0 0 3,307x10°
GD 2,5 0 0 —g 0 0 0 0 3,307x10°°
DF 3 - - 1 0 0 0 0 1,429x10°
X 1,791x1073 8,979x10°3 2,871x10® 1,378x10° 2,286x10*
e Barras continuas
El = 30x105x% 13500 kPaxm®
EA = 30x10°x0,20 0,30 = 1,8x10° kPaxm?
Toeg= —9=2 - _6°C
Tinf_Tsup _ —-10—(-2) __ 8
h 0,30 0,30
N; XN
[ 2220 g7 =ox—Lx (-1 )x( 520)><2 4 = 128,395 x10°°
EA 1,8x10° 3,6
_ 1 -5 _ -5
[Ny 0. T eqdz = 2><(—R)x2,4><10 x(—6) = 8x10
My XM 1 [120x2,40 120%0,5 144 2
dz 2% (2%0,5+1))+ 22222 2 40 =1,0667x10
I ET 13500[ 6 (20,5+1)) 3 } 13500 '
le.aMdz 8 210% [ My dz=-=8 x1075x 2BV _ _g45107°
h 70,30 0,30 2
N
819 = — TFohXAg+ I N; EOA +INaATL +
N; XN |v| Ting — T,
+ 1E 0 4z +jN10cheddz+J' L0 dz + My %dz=
- 18 X(—0,002)+1,791x103 +0+128,395x10°® +8x10™> +1,0667x102 —64Xx10™° =
= 1,244x1072
versdo 1
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NyxNg .
j A dz =0

INZ'a'Tméd dz =0

M, XM,
J =g

Tinf =T
IMZ-Q%C{Z =0

No L
8y0 = — LFSLXAg + TNy T IN AT L +

N, XN M, XM Tinf —Tsu
+ J‘TOdZ-FJ‘ Nz.(x.Tmed dz +J- Todz + I Mz.(XTde =

= 0+8,979x103+0+0+0+0+0 = 8,979x1073

Ny XN .
[y =1 = ( 12448 =2,0576 x107
EA 1,8x10 3,6

) = 1,1852x107*

leXMld 1 1x1x48
EI 13500 3

L
d11=2 N1 EA

Nl Nl dz+| Ml Ml dz =2,871x10°° +2,0576x1077 +1,1852x10™% = 1,216x10™

j—NlEiNZ dz = j—NZXNl dz =0

J-M1><M2 g = [ M2><M1

dz =0

oL X
b NN g,

X —_ —_
81;=0y=2 N1 EA A +] MlEIMZ dz = 1,378x107° +0+0 = 1,378x10™°

N, XN M, XM _ _
22 g7+ [ —2 : 2 47 = 2,284x10 % +0+0 = 2,284x10 "%

versdo 1 8/13 Mét. Forgas — Est. mista hiperestatica
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81+ 817 Xq + 815. Xp= 0 1,244x10 + 1,216x10™. X; + 1,378x10™. X, = 0
=
850+ 837- Xg + 8. X;=0 8,979x10 + 1,378x10™°. X, +2,284x10™". X, = 0
X, = —98,52
X, = —33,37
s s 52 Hy = 2201 (98 52) x—L +(~33,37)x0
HA = (HA) + Xl(HA) + XZ(HA) A 3 ’ 3[6 ’
Vp = (Va) + X1 (VA + Xp.(V,)> Vp = 50+(—98,52)><(—418)+(—33,37)><O
Ma = (Ma)® + Xg.(Ma)*! + X5.(Ma)* = Ma = 0+(-98,52) X1+(-33,37)x0
s s S — _610_ _ _ 1
Ve = (V)P + X (V)™ + Xy (V)2 Vi =130+(-98,52) ><418+(—33,37)xo

Hp = 145,97kN  —
Vy=7053kN T
Mp = —98,52kNm

He = —17597 kN«

Ve =109,48kN T

98,52 kNm 1100 kN
14597kN A B ¢ T
70,53 kN
G
1.5m
30 kN F L
— A
E % 175,97 kN
80 kN
109,48 kN
$ 2mm
‘ 24m ‘ 24m | 20m | 20m |

versdo 1 9/13 Mét. Forgas — Est. mista hiperestatica
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e Esforgos nas barras

No N1 N N
BARRAS
_ So S1 S2 (kN) (kN) (kN) kN
Nbarra - (Nbarra) + Xl'(Nbarra) + XZ'(Nbarra) L3
cD 0 0 g -44,49
So S1 S2
Nparra = (Nparra)™ = 98,52X(Nparra)™ = 33,37X(Npgrra) EF 30 0 4 -74.49
3 7
CE 80 0 1 46,63
Esforcos: = = compressdo 650 1 s
+ = tracdo c6 T3 | 288 3 -126,84
650 1 5
GF -3 ~388 -3 -126,84
EG 0 0 - 55,62
GD 0 0 - 55,62
¢ Diagramas de esforcos oF 0 0 ! 3337
A B c
ESFORCOS AXIAIS (% D
-145,97kN -
= —_—
8 o
$ =
F
o;
; P
70,53kN
T
ESFORCOS TRANSVERSOS A TSI 2 oD
-29,47kN
@ @
G
F
fo. 1
S
-98,52kNm

MOMENTOS FLETORES %W & 5D

70,75KNm

versdo 1 10/13 Mét. Forgas — Est. mista hiperestatica
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Alinea b) Determinagio do deslocamento vertical do ponto B

TEOREMA DOS TRABALHOS VIRTUAIS (desprezando a contribui¢cdao do esforco transverso):

Barras bi-articuladas
i_ ___________ il
Tx6y + X (Rxassent. apoio) = |ZN% + 2Na AT L :+
Lt _ 1
- 77 0 0 7= .F - TI' -
I NxN MXxM = — inf — ! sup I
| —— oL T o |
FlEa e ey [N T+ M0 |
Barras continuas
SISTEMA REAL
98,52 kNm 100 kN
¥
S — SISTEMA REAL ;; c D
145,97kN A v c
T i
70,53 kN
G
30 kN F
<—
E 175,97 kN
80 kN
109,48 kNT
$2mm
A B c -44,49kN b
S — Esforgo axial (kN) .
-145,97kN -
2 5
F; e
-74,49kN
E (©)
-98,52kNm
B C - b
S — Momento fletor (kNm) Ny o
70,75kNm

versdo 1

11/13 Mét. Forgas — Est. mista hiperestética
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SISTEMA VIRTUAL

S — SISTEMA VIRTUAL

S - Esforgo axial (kN)

S — Momento fletor (kNm)

®
o

1
?kN

3 (Rxassent. apoio ) = 0,5%(—0,002) =—0,001 = —100x10™

saNL_ 1
EA 71x10°
SNa ATL=0
NxN 1
dz =
EA 1,8x10°
MxM . _ 1 [12x24
El 13500 6

(2x70,75-98,52)+

(—%)x (—126,84)x2,5%2 = 251,667 x10™

x (_%)x(—145,97)><4,8 =12,975x107

1,2x70,75%2,4

s } = 655,929 10>

versdo 1

12/13 Mét. Forgas — Est. mista hiperestética
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[N.0.Treqdz = (—%)x4,8><10_5><(—6) =9,6x107°

Tinf =T

M sup ___8 S Md— 8 -5.4,80x1,2 -5
[M.o - dz = 0'30><1o X[ Mdz= 0’30><1o X = —76,8%10
_ T T
Tx8y + 2 (Rxassent. apoio) N_A JNXNd +IMXMdz+IN.a.Tm.dz +J'M.oc%dz

8y —100x107° = 251,667x10™° +12,975x10™ +655,929x10™ +9,6x10™ —76,8x10™°

8§ = 953,371x10°m = 9,53 mm ¢

versdo 1 13/13 Mét. Forgas — Est. mista hiperestatica



