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EXERCICIO PROPOSTO

-
Considere a estrutura representada na 10 kNm 14 S
figura constituida por um material com as 10-3
. ’ . _> c D 1
seguintes caracteristicas:
g 25kN g 2
E=25GPa; v=0,2; a=1,4x10"°/°C
a) Determine o deslocamento e rotagdo do e e
(=] o
ponto B; 20m q q
n n
= =
b) Determine o deslocamento e rotacdo do < <
ponto D;
¢) Determine o deslocamento e rotac¢3o do A
ponto a meia altura do pilar AC. T — f&
03
0.5 0.5

RESOLUCAO

e Calculo das reaccoes

10 KNm E=25GPa=25x10° kPa
0.3
., . oo
25kN 3 c 0 ' V=02
Q- 6
_ E _ 25x10° _ 6
G_2(1+V) = 2(1+0,2) = 10,4167 x10" kPa
it a=1,4x10" /°C
20m q
n
5 Pilar AC e vigas BC e BD (b=0,20 m; h=0,30m)
A = 0,20%0,30 = 0,06 m
80 kNm
I 1 & A'=2 A = 2x0,06 = 0,005 m’
25 kN b 6~ 6
}«0.5%0.5»{ ' I = 8.20%0,307 _ 4 5y15% m*
12 !
40 kN
¢ Diagramas de Esforcos — sistema real
|~ 0.5 —~ 0.5~ |~ 0.5 == 0.5
|=— 0.5 =~ 0.5 =] 40 o -20
e = o
-25 —
g 2m 10 () 2m 2m
E o
il - a1 0 1
ESFORCO AXIAL ESFORCO TRANSVERSO MOMENTO FLECTOR
(kN) (kN) (kNm)

versdo 1 1/10 TTV - Estrutura continua isostatica
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a) DESLOCAMENTO DO PONTO B

a1) Deslocamento vertical do ponto B

+ Diagramas de Esforcos — sistema virtual

SISTEMA VIRTUAL j=— 0.5 —~f=— 0.5 =]
j=— 0.5 —~=—0.5 1 = 0.5 == 0.5 =]
1 kN L— o4 X o @ X . .
»/ P4 > L[]
=1+0,5
@ - 2m §5 2m 2‘ % 2m
+ '
0,5 kNm g
2D =
7777777777 - ’* - -

=]
2
5

l kN [N] (kn) (kN)

v o , LN x N Ly xv LM x M L_ L T —Ta
1 x 6p+2 (R X assent. apoio) =f dz +f —— dz +J. El dz+f N.a.Tp, . dz +f M.a —— dz
0 0 0 0

s EA GA’ h

LN x N 1 5
J dz = ——————— (-40x2x1) = —5333x10° m
, EA 25 X 10° X 0,06

jLVde _ o
, GA 2T

ILMXMd ! 0’5X0’5><10+_80_30><2><( 0,5) 0,005
z = —_— -0, = 0, m
o EI 25X 10° x 4,5 x 10* 2 2

L
fN.oc.Tm.dz = 1Xx2x1,4Xx10°x20 = 56x10° m
0

/P4 —><14><10'5><20+5 14,583 x 107
= = m
“T z 2 ' 0,30 '

JLM ) Tins — Tsup 0,5x0,5
0

8y = ILNXNd +vaxvd +fLMXMd +fLN Th . d +fLM Tt = T
B — \ EA z ; GA z ; El Z \ ..y . az ; . h z

8 = —5333x10° + 0,0 + 0,005 + 56x 10° + 14,583 x 10° = 5,653 X 10°m = 5,653mm 1

versdo 1

2/10 TTV - Estrutura continua isostética
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a2) Deslocamento horizontal do ponto B

» Diagramas de Esforcos — sistema virtual

SISTEMA VIRTUAL

_ = 0.5 +==—0.5+ =05 =}=0.5
kv 3 o . v & &
-1
7] 2m NEOR 2
2 kNm ~
Do ' f

1kN [N] kn) (kN)

= 0.5 == 0.5 =]

ix6h+3 (R t. apoio) ILNXNd ILVXVd fLMXMd fLN Ty .d fLM Tint — Tsup
+ X . = +| ———dz+ + Ty .dz+ oL
XOp assent. apoio \ EA z . GA z , E z , [0 89 %Y z . a h
jLNXNd ! (=1) x 0,5 x (=25) 0,8333 x 10°
z = —————— (— , - = 0, m
o, EA 25 x 10° X 0,06
LV x Vv 1 ;
f -dz = z 1Xx2x25 = 9,6x10° m
o GA 10,4167 x 10° X 0,05
LM x M 1 -2x2 X
f dz = A = ><(—30—2><80)]= 1,126 X 10° m
o EI 25 x 10° X 4,5 x 10 6
b 5. —5+20 s
N.a.Tp.dz = —1x05%x1,4x%x10 XT = —5,25%x10" m
0
jLﬁ_aMdz - 0
o h
§h = fLNXNd + ILVXVd + ILMXMd + fLN T . dz + fLM Tt = Tow g
B — \ EA z . GA z . El z \ ..y . az . . h z

8% = 0,8333x10° + 9,6 x10° + 1,126 x 102 — 525x10° + 0 = 1,131 X 10%?m = 1,131cm -

¢ Deslocamento do ponto B

8 = /(SVB)Z+ M2 = 056532 + 1,131> = 1,264cm 2

versdo 1 3/10

TTV - Estrutura continua isostatica
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a3) Rotacao do ponto B

» Diagramas de Esforcos — sistema virtual

SISTEMA VIRTUAL

1 kNm =05 05—~ 05 =05~ I~ 05 =~ 05 =]
- — T T —Z—T T @ - T
+1
@& 2m @O 2m ql@ 2m
1 kNm
N
7777777777 e - *7
[N] (n) (kN) [W] (knm)
1x0g+2(RX t. apoio) ILNXNd ILvad fLMXMd fLN T .d fLM Tt = Tup
. = + | ——— dz+ + Ty, . dz + .
X Up assent. apoio . EA z . GA z , z \ [0 %Y z , o h
jLNde 0
, =
, EA
fLVXVd 0
1 Z =
s GA
LM x M 1 —80 — 30 5
f = A = X2x(-1)+10x05x 1| = 1,0222 X 10 rad
o EI 25x10° X 4,5 x 10 2
L_
fN.cx.Tm.dz =0
0

jLﬁ.a —Tinf — Tow dz
0 h

LN x N
f dz +f
0 0

EA

LV x
GA

1,0222 x 102 + 58,333 x 107

20+5
1%X0,5%1,4X107 X

x 107
0,30 58,333 0~ rad
dz +f

0

LM x M
EI

\

Ti _T
M_(xnf—

0 P dz

L L
dz +f N.a.T,. dz +j
0 0

1,081 x 10?rad ¢

versdo 1

4/10 TTV - Estrutura continua isostatica
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b) DESLOCAMENTO DO PONTO D

bi1) Deslocamento vertical do ponto D

+ Diagramas de Esforcos — sistema virtual

SISTEMA VIRTUAL =05 =05~

=05 -~~05+ +1 =05~ 05+
| ' @ -0,5
- T~

R
R
0

-1
N
3
b
A4
N
3
-0,5
LTI T T
N
3

0,5 kNm
P

TT7777777 - -

T 1 kN IE (kN) (kN) @ (kNm)

oy ) ] LNxN LV x v LM x M L_ L T —Ta
1x6p+2 (R X assent. apoio) =f dz+f —— dz +f dz+f N.a.Tp, .dz+f M.a ——dz
, EA s GA s EI . .

jLNXNd ! (—1) x 2 x (—40) 5,333 x 10°
7 = —mm (— - = 5, m
o, EA 25 x 10° X 0,06
LV xV 1 p
j —dz = A 1x05%x40 = 3,840%x10° m
o GA 10,4167 x 10° x 0,05
LM x M 1 —80 — 30 —0,5 x 0,5 X (—20) ;5
f dz = = = x 2 X (=0,5) + = 5,037x10%m
o EI 25 x 10° x 4,5 x 10 2 3
L_
fN.a.Tm.dz = —1x2x14x10°x20 = —56x10° m
0
b Tint — Tsup —0,5%0,5 5 20+5 5
M.oa ———2dz = ———x1,4x10° X = —14,583%x10° m
0 h 2 0,30

8% —ILNXNd +ILVXVd +ILMXM0| +fLN T . d +fLM Tt = Tow g
D — . EA z . GA z . E z . ALy . az ; . h z

8%, =5,333 x 10° + 3,840 X 10> +5,037 X 10> — 56 x 10° — 14,583 X 10° = 4,42 x 10° m =4,42mm |

versdo 1 5/10 TTV - Estrutura continua isostatica
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b,) Deslocamento horizontal do ponto D

+ Diagramas de Esforcos — sistema virtual

SISTEMA VIRTUAL =05 -—f= 0.5~

_ +1 =~ 0.5 == 0.5+ =05 —==05—+
1 kN +)

— B + g B
7/ 2m 3+ 2m 2m
2 kNm N

1kN (5] () (kN) [W] (knm)

+1

Tinf - Tsup dz

h

- o _ ) LN xN Ly x v LM x M
1x6p+2 (R X assent. apoio) =f dz+f dz +f
0 0

L L
— dz+f N.oT .dz+f M .«
o, EA GA 0 m 0

LN x N
j dz = 0
0

EA
LV xV 1 s
j —dz = A 1X2%Xx25 =96X10° m
o GA 10,4167 X 10° X 0,05
fLMXMd ! —2x2 (=30 — 2 x 80) 1,126 x 10
z = X (—=30—-2x = 1, X m
o EI 25x10°x4,5x10% 1 6

- 5. —5+20 s
fN.a.Tm.dz = 1x05x%x14x%x10 XT = 525%x10° m
0

ILM'GMdZ - 0
0

N LNxN LV x v LM x M L_ b T — Tap
op =f dz +f — dz +j dz +fN.(x.Tm.dz +f M. ———dz
, EA s GA s EI o o h

=0 + 96x10° + 1,126 x10% + 525%x10° + 0 1,14x10°m = 1,14cm -

* Deslocamento do ponto D

§p = | (BY)2+ (88)2 = 04422+ 1,14 = 1,22 cm N

versdo 1 6/10 TTV - Estrutura continua isostatica
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bs) Rotacdo do ponto D

» Diagramas de Esforcos — sistema virtual

SISTEMA VIRTUAL I~ 05 == 0.5 =
1kNm 0505~ = 05 == 05 = é
—N e S T
e} 2m 4] 2m = (0 2m
1 kNm
N
J7T7777777 - - -

[N] (kn) (kN) [W] (knm)

ix0p+ (R t. apoio) ILNXNd fLVXVd ILMXMd fLN T .d fLM Tint = Tsup d
X . = +| —— dz+ + T .dz+ o —_sup
X UYp assent. apoio . EA z , GA z \ El z . [0 %Y z \ (04 h z

s
I
Z|
X
Z
Q.
N
Il
o

ILMXMd ! _80_30><2x( 1)+_20X0’5x( 1)] 1,0222 x 102 rad
z = - —X (D=1 ra
o EI 25X 10° x 4,5 x 10* 2 2

L_

JN.oc Tp.dz = 0

0

L T.-T 20+5

jM.audz = —1x0,5%1,4x10°x = —58,333x 10 rad

0 h 0,30

o0 = ILNXNd + ILVXVd 4 J‘LMXMd + fLN T dz + fLM Tinf_Tsupd
D_OEAZ 0GA,Z OEIZ O.a.m.z 0.0( - z

Op = 1,0222x 102 — 58,333 x10° = 9,639x10°rad

versdo 1 7/10 TTV - Estrutura continua isostatica
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c) DESLOCAMENTO E ROTACAO A MEIA ALTURA DE AC

c1) Deslocamento vertical

Diagramas de Esforcos — sistema virtual

SISTEMA VIRTUAL

=— 0.5 —=f=—0.5 =] =— 0.5 —f=—0.5 =] =— 0.5 == 0.5+
— T 7T 2 2 =& &
im ﬁ} im
ikN T T @ 2m & 2m
Y
1m Fll@ im
7777777777 J 77 77 1
T Lk [N] (kn) (kN) [M] (kNm)
_ _ LN x N LV x v LM x M L_ L Ty—T
1x8" +5 (Rxassent.apoio)=f dz+f - dz+f dz+f N.a.Tm.dz+f M.q - s g,
, EA s, GA s EI o 0 h
JLNXNd 1 (=1) x 1 x (—40) 2,6667 X 10°
z = ——— (— - = 2, m
o, EA 25 x 10° X 0,06
fLVde 0
1 Z =
s GA
fLMXMd 0
z =
, EI
L_
fN.a.Tm.dz = —1X1X14%X10°x20 = —28x10° m
0
jLﬁ_aMdz - 0
0 h
LN x N Ly xv LM x M L_ L T — Taup
8V=f dz +f — dz +f dz +fN.a.Tm.dz +f M.a dz
s, EA s GA s EI o o h

8V = 2,6667 x 10° — 28 x 10° —2533x10°m —-0,253 mm 1

versdo 1

8/10

TTV - Estrutura continua isostatica
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c2) Deslocamento horizontal

» Diagramas de Esforcos — sistema virtual

SISTEMA VIRTUAL

}=— 0.5 == 0.5 =] =~ 0.5-—=}=05 -+~ }=— 0.5 == 0.5 =]
im 1m im
1kN v & o i3 v
im pEC)E im im
1 kNm ~ J
éw‘- - —+ - i

1 kN IE (kN) (kN) @ (kNm)

~h _ , LN x N LV x Vv LM x M L_ L T —Ta
1x 86" +32 (R x assent. apoio) =f dz+f ——dz +f dz+f N.o.T, .dz +f M.a ———— dz
o EA o GA o E 0 0

LV xv 1 s
—dz = 3 1x1x25 = 480%x10° m
o GA 10,4167 x 10° X 0,05
LM x M 1 -1x1 3
7 = z ” X (=55—-2x80)] = 3,185%x10° m
o EI 25 % 10° x 4,5 % 10 6

L— Ti _T
f M.ag - % 4, = o
o h

Tinf_T
h

Su
? dz

LN x N Ly xv LM x M
=J dz + | ——dz +f
o o EI

L L
N.a.Ty. M.
A L GA dz +JO a. Ty . dz +Jo a

8" = 4,80x10° + 3,185%x10% = 3,233x10%m = 3,233 mm -

» Deslocamento do ponto a meia altura da barra AC

& = [(8")2+ (8")2 = /(-0,253)2+ 3,2332 = 3,24 mm 2

versdo 1 9/10 TTV - Estrutura continua isostatica
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¢3) Rotacdo do ponto a meia altura da barra AC

» Diagramas de Esforcos — sistema virtual

SISTEMA VIRTUAL

=05 == 05—+ j=— 0.5 === 0.5 =
1im
1kNm
N1 @ 2m & 2m
im
1 kNm
~
J777777777 ** * **

[N] (k) (kN)

ix8+32(R t. apoio) ILNXNd+fLVXVd +fLMXMd +fLN T
X . = —_ HoM .
X assent. apolio , EA z , GA z . E z , [0 89 %Y

JLNde _ 0
, EA ° 7

Ly xv
f dz = 0
0

GA
ILMXMd = ! [_80_55x1><( 1| = 6x1073 rad
o EI © 7T 25x10°x45x10° | 2 - @

L_
JN.(x.Tm.dz =0
0

ILM.aMdz - 0
. n

e—fLNXNd +fLVXVd +fLMXMd +fLN T . d +fLM Tt = Towp
= ; EA Z \ GA Z \ El z \ .o,y . az . . h Z

0 = 6x10%rad C

versdo 1 10/10

TTV - Estrutura continua isostatica




