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EXERCICIO

Considere a estrutura representada na figura.

20 kN/m

3mm

——30m——=f=—20m—=f=——30m——~

b) Determine o deslocamento relativo dos pontos A e E.

Barras AC e CE
Secgao: 0,25m x 0,30m

Betdao: E =30 GPa

Restantes barras
Perfil tubular: @ = 60 mm

esp=5mm

Aco: E =200 GPa

Responda as alineas seguintes desprezando a contribuicdo do esforgo transverso.

a) Determine a rotagdo relativa das sec¢des a direita e a esquerda da rétula C;

RESOLUCAO

e SISTEMA REAL - ReaccOes nos apoios

Arco de 3 rétulas

>F, =0
Toda a estrutura = ZFy =0
2Mg=0

CorpoABC = >M =0

REFERENCIAL

I@

Va

20 kN/m

T‘1.5m+1.5m*|—f2.0m——|—73.0m4—(

vers3o 0 1/9

TTV — Mista — F5—ex.1
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ZFX =0 Hpy +Hg —15=0 Hp = 73,846 kN —>
SF, =0 Vo +Vg —60-80-20x5=0 Vy = 128,462 kN T
= =
Y>Mg= 0 Ha X2—Va x8+60x6,5+80x3+100x2,5= 0 Hg = —58,846 kN «
ABC _ _ _
SMET =0 Ha X4 —Va x3+60x1,5= 0 Vg = 111,538 kN T
20 kN/m

T E
20m
60 kNl
G
<——
i 58,846 kN
2.0m 111,538 kNT
|
v 73,846 kN
1‘1.5m+1.5m*|—f2.0m——|—73.0m4—(
128,462 kN
cos o = 0,8 cos = 0,8321
a = B=3369" =
sen o = 0,6 sen 3 = 0,5547

SISTEMA REAL - Esforgos instalados nas barras

Esforco axial N (kN) Momento fletor M (kNm)

TramoCD M(z) = 68,462 z — 102°

TramoDE  M(z) = 96,924—2,307 z — 102°

versao 0 2/9 TTV — Mista — F5-ex.1
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a) Rotacdo relativa das seccGes a esquerda e a direita da rétula C

e Sistema virtual - Reaccoes nos apoios

Arco de 3 rétulas

2R =0
Toda a estrutura = ZFy =0
ZMG = 0

CorpoABC = >Mc=0

REFERENCIAL

@ Va

T‘1.5m*|¢1.5m»|—f2.0m——|—73.0m4—(

SF, = 0 Ha + Hg = 0 HA=%kN—>
SF, =0 _ Va+Vg =0 _ vA=1—13kNT
TMg = 0 Hy X2V, x8+1—-1=0 HG=—% kN <
sV = o Ha x4 -V, x3—1= 0 Ve =—% kN 4

cos o = 0,8 cos = 0,8321
a = B=3369" =
sen o = 0,6 sen 3 = 0,5547

versao 0 3/9 TTV — Mista — F5-ex.1
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SISTEMA VIRTUAL - Esforgos instalados nas barras

-1,00 -0,8462
1]

C D E
Sl i
A r> .
% -0,3077 % ) 3
a (&S] Q:b % g ol
=) of
-0,3077
B 2 >0 G
& F c PAY
S >
q/"? P

f—15m—f=—15m—=}—20m—=}=——30m—+f —15m—f=—15m—=f}=—20m—=f=——30m—+]
Esforco axial N (kN) Momento fletor M (kNm)

TramoCD M(z) = —1+% z kNm TramoDE M(z) = —0,8462+0,2820z kNm

e Aplicacao do Teorema dos Trabalhos Virtuais (TTV)

odir 20 kN/m

1kN
o SR T TITTTIT] o Tt
<gfc E 1kNm 442
60 kNl
15 kN G
B F i 58,846 kN B
80 kN T
111,538kN
73,846 kN o kN 4
o 3MM A
T‘1.5m+1.5m*|—f2.0m——|—73.0m4—0 1 T‘1.5m+1.5m*|—f2.0m——|—73.0m4—0
128,462 kN i3 kN
S - Sistema real S - Sistema virtual
Tx65% + Ix62" + SR t. apoi N'\ld+J|\7lMd+zN|\lL
X X x assent. apoio = | — —
c ¢ P EA - El EA
| ] L |
barras barras
continuas bi-articuladas
( 2
A=0,075m
[=5,625x10% m* A =Tt x2,75x10™ m?
Barras continuas < E =30x10° kPa Barras bi-articuladas < E =200 x10° kPa
EA=2,25x10° kPa.m? EA=55000rn kPa.m?2
EI=16875kPa.m*

versao 0 4/9 TTV — Mista — F5-ex.1
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Barra AB
NN 1 25_ .
f —dz = ——— f NxN dz = ———= x(-0,2462) x (-147,077) x 2,5 = 40,234 x 10
L EA 2,25x10° J, 2,25x10
MM 1 [ 1 1 3
f dz = f MxM dz = —— x = x(-0,5)x45%x2,5 = -1,111 x 10
. El 16875 J, 16875 3

Barra BC

NN 1 25_
J —dz = —GJ NxN dz = ———— x (-0,2462) x (-99,077) x 2,5 = 27,103 x 10°®
. EA 2,25x108 J, 2,25x10
MM 1 [ 1 45 x 2,5 3
f dz = f MxM dz = x x (2x(-0,5)-1) = -2,222x 10
. El 16875 J, 16875 6
Barra CD
NN 2_ .
f —dz = ——— f N x = ———— x(-0,3077) x (-73,846) x 2 = 20,198 x 10
. EA 2,25x10° J, 2,25x10
MM 1 (= 1 2 1 "
f dz = f MxM dz = —— (-1+—z> x (68,462Z-102%) |dz=
. El 16875 J, 16875 J, 3
= x (-99,291) = -5,884 x 1073
16875
Barra DE
NN 1 3_ .
J —dz = —GJ NxN dz = ————— x(-0,3077) x (-73,846) x 3 = 30,297 x 10°
. EA 2,25x108 J, 2,25x10
M M 3_ 2
f dz = f MxM dz = ———— f ((-0,8462 +0,28202) x (96,924 - 2,307 Z - 10 zz)) dz=
. El 16875 J, 16875 J,
= x (-101,072) = -5,989 x 1073
16875
Barras bi-articuladas
L EA N N —NL
N _——
BARRAS | m) | (kPam?) | N) | (kN) EA
FG 3 55000 -58,846 -0,3077 31,438 x 10
DG 2 55000 30,769 -0,2051 -7,305x 107
EG 2 55000 -111,538 0,0769 -9,928 x 107
FE 13 | 55000t 88,752 0,3698 68,486 x 10°
z 82,692 x10°

versdo 0

5/9 TTV — Mista — F5-ex.1
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0,012
13

_ 4
> R x assent. apoio = Ex 0,003 =

Rotacao relativa da sec¢do a esquerda e a direita de C:

7 esq T dir B P E
1x0c" + 1x6c + 3 Rxassent.apoio = dz + dz+ zN EA

Aees.q/dlr - eesq +ed|r

’?

+ (40,234 + 27,103 + 20,198 + 30,297) x 10°® + (-1,111 - 2,222 - 5,884 - 5,989) x 103+ 82,692 x 10>

. 0,012
AGEVIr = gsa 4 gdir . +117,832x 10 - 15,206 x 103+ 82,692 x 10”° = -1,518 x10™ rad

a) Deslocamento relativo dos pontos A e E

e Sistema virtual - Reaccoes nos apoios

Arco de 3 rétulas

2R =0
Toda a estrutura = ZFy =0
ZMG = 0

CorpoABC = >M =0

REFERENCIAL

22

1‘1.5m*|¢1.5m*|—f2.0m——|—73.0m4—{

Va

1(a cos € = 0,8944
e=tg (§j =26,565" =

sen € = 0,4472

ZFXZO HA+HG=O HA=0,684kN—)

2R, =0 Va+Ve=10 Vo =0,172 kN T
= =

>Mg= 0 Haox2-Vox8=0 Hg = —0,688 kN «—

ZM%BC— 0 Hpo X4 —Vy x3—-4xcose+3xseneg=10 Vg = -0,172 kN {

versao 0 6/9 TTV — Mista — F5-ex.1
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20m

T‘1.5m*|¢1.5m$|—f2.0m——|—73.0m4—4
0,172kN

SISTEMA VIRTUAL - Esforgos instalados nas barras

-0,5504
0,2064
HHH\@HH\\I\)HHHHHHHHHH\E ET
20m
G
20m

—15m—=f=—15m—}—20m —=f=—30m —] f—15m—f=—15m—=—20m—=——30m—+]

Esforco axial N (kN) Momento fletor M (kNm)

TramoCD M(z) = —0,2752z kNm TramoDE M(z) = —0,5504 +0,1835z kNm

Aplicacdo do Teorema dos Trabalhos Virtuais (TTV)

=]

20 kN/m

kN
d
E

FERENRERRERRR)S:

T

20m

0,688 kN
e

20m

73,846kN A ﬂ;
5 0w 1kN
A
1‘1.5m+1.5m*|—f2.0m——|—73.0m4—0 1‘1.5m+1.5m*|—f2.0m——|—73.0m4—0
128,462 kN 0,172kN

S - Sistema real S - Sistema virtual

7/9 TTV — Mista — F5-ex.1

versdo 0
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Ix8y + 1x6 R t. apoi NN f'\_"Md Nt
x + 1x + . = | —dz+ | — dz+ —
A E > R x assent. apoio EA z E z+ Y EA
I I

barras barras
continuas bi-articuladas
( 2
A=0,075m
[=5,625x10% m* A =Tt x2,75x10™% m?
Barras continuas { E =30 x10° kPa Barras bi-articuladas < E =200 x10° kPa
EA=2,25x10° kPa.m? EA=55000rn kPa.m?2
EI=16875kPa.m*

Barra AB

NN 1 25_ 1 .
J —dz = —GJ NxN dz = ———— x 0,344 x (-147,077) x 2,5 = -56,216 x 10"
L EA 2,25x10° Jo 2,25x10

N N 1 25_ 1 .
f —dz = ——— f NxN dz = ———— x0,344x (-99,077) x 2,5 = -37,869 x 10
. EA 2,25x10° Jo 2,25x10

Barra CD

NN 1 2_ 1
f —dz = —Gf NxN dz = ————— x0,2064 x (-73,846) x 2 = -13,548 x 10°°
. EA 2,25x10° Jo 2,25x10

2

MM 1 [ 1 X
J dz = J MxM dz = ——— ((-0,2752 2) x (68,4622-102 )) dz=
. E 16875 J, 16875 J,

1
—— x(-39,234) = -2,325x 1073

16875
Barra DE
NN 1 3_ 1 .
f ——dz = —Gf NxN dz = ———— x0,2064 x (-73,846) x 3 = -20,322 x 10
L EA 2,25x10° Jo 2,25x10
MM 1 (3 1 2 ,
J dz = J MxM dz = —— [ ((-0,5504 +0,18352) x (96,924 - 2,307 2 - 1022) ) dz =
. E 16875 J, 16875 J,

1
—— x(-65,725) = -3,895 x 1073
16875

versao 0 8/9 TTV — Mista — F5-ex.1
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Barras bi-articuladas

L EA N N —
BARRAS | m) | (kpa.m?) | (k) (kNN) N Ex
FG 3 55000 -58,846 -0,6880 70,293 x 10
DG 2 55000 30,769 -0,4587 -16,337 x 10°°
EG 2 55000 -111,538 0,1720 -22,206 x 10
FE \/ﬁ 55000 88,752 0,8269 153,141 x 10 -5

2 184,891 x 10~

S R x assent. apoio = 0,688 x 0,003 = 2,064 x 1073

Deslocamento relativo dos pontos A e E:

ix6 Ix6 R t. apoi NN d f MM d NN .
X + 1x + . = | —dz+ | — dz+ —
A E > R x assent. apoio EA z ] z+ 5 EA
8y + O = -2,064x 103 + (-56,216 - 37,869 - 13,548 - 20,322) x 10°® + (-2,325 - 3,895) x 103+ 184,891 x 10

8a + 8¢ = -2,064x 107 -127,955x 10® - 6,220 x 103+ 184,891 x 10°= -6,563 x10°> m

6p + & = -6,563 mm (o ponto A e o ponto E vdo aproximar-se)

versao 0 9/9 TTV — Mista — F5-ex.1



