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EXERCICIO

Considere a estrutura articulada plana representada na figura.
Todas as barras s30 em aco com E = 200 GPa e a = 1,2x10° /°C.

As barras AB, AC e CE sdo constituidas por um perfil T90. As restantes barras sdo constituidas por duas
cantoneiras L90x7 soldadas.

Para além do assentamento vertical de 3 mm do apoio da direita e das forgas nos nds indicadas, a
estrutura esta ainda submetida aos seguintes incrementos de temperatura:

Barras AB, AC e CE: AT =+30°C
Restantes barras: AT = +10°C

25 kN Perfil T90
area=17,1cm? é

Cantoneiras L90x7

N
S

3.0m drea=2x12,2cm?

/
9
9
9
9
/
/
9
/

3.0m

20 kN $3mm

| 40m | 40m |

a) Determine o deslocamento do né B;

b) Determine o deslocamento do né D;

c) Determine a rotacdo da barra AB;

d) Determine a rotacdo relativas das barras BC e BD (variacdo do dngulo DBC);
e) Determine a varia¢do da distancia entre o né A e o n6 D;

f) Determine a variacdo da distancia entre o né C e a barra BD.

versdo 0 1/21 TTV —SAP — F3—ex.2
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RESOLUCAO

¢ Reaccdes nos apoios

cosa =0,8
a = 3.0m
sen a =0,6
ZFX =0 REFERENCIAL T
= V
ZFy 0 “@'\ 3.0m B
2Mg=0

He —10—-25%x0,6 -50%x0,6 -25%0,6=0

Vg +Vg —20-25%x0,8-50%0,8—-25%0,8 =0

‘ 40m - 40m |
20%X4+50x5+25x10-Vy x8=0
Hg = 70.0 kN -
RESULTADO: Ve =275 kN 7T
Vg =725 kN 1
¢ Sistema real - esforcos instalados nas barras
l20kN
- 30kN 2F =0 0,8Npc—15=0
N6A}  ———- a =
N 2R, =0 —Npg —0,6 Npg =20 =0
Nas AC
Nac = 18,75 kN (T)
Nag = —31,25 kN (C)
l31,25kN >R, =0 Ngc +0,8 Ngp =0
-
nB| 00 Nac SR, =0 ~0,6 Ngp —31,25 + 72,5 =0
a
725 kNT Nsp Ngc = =55 kN (C)
Ngp = 68,75 kN (T)

versdo 0
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68,75kN ANco 2R =0 Npe —10 - 68,75%0,8= 0
’ =
NG D 2R = Nep —20 + 68,75%0,6 =0
Npe = 65 kN (T)
Nep = —21,25 kN (C)
40kN
18,75kN l YF, =0 = 08N 30 +55-18,75%0,8=0
Né C a 30kN
55kN a Neg = —12,5kN (C)
Nce
21,25kN
/ 25 kN
A
A

=

K3

N

)

& 50 kN

B :\/

A
72,5kN t

-21,25kN

AT

versdo 0 3/21 TTV —SAP — F3—ex.2



Engenharia do Porto TEOREMA DOS TRABALHOS VIRTUAIS

is e‘p Instituto Superior de TEORIA DE ESTRUTURAS
‘ SISTEMA ARTICULADO PLANO

Licenciatura em Engenharia Civil Isabel Alvim Teles

a) DESLOCAMENTO DO NO B

Como no né B existe um apoio vertical, o seu deslocamento sé pode ser horizontal.

¢ Sistema virtual

ZFX =0 REFERENCIAL
>FE, =0

v )
2Mg=0

HE_]': O

Vg +Ve =0
1x3-Vz X8=0

He =1kN —

Ve =-0,375 kN

Vg = 0,375 kN 71

} 40m } 40m |

¢ Sistema virtual - esforcos instalados nas barras

Nag =0
=

2
o
>

2R =0 Ngc +0,8 Ngp =1 =0
=
-0,6 Ngp + 0,375 =0

ZFy 0

‘Z
o
w
—
Q
P
@

Ngc = 0,5 kN (T)
Ngp = 0,625 kN (T)

2
o
o

0,625kN ANco 2F, =0 Npe — 0,625%0,8= 0
=
. I\ NDE ZFV O NCD + 0,625X0,6 - 0

! Npe = 0,5 kN (T)
NCD = _0,375 kN (C)

versdo 0 4/21 TTV —SAP — F3—ex.2
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0,5kN SE =0 = 08Ng-05=0
Né C K
l Nee = 0.625 kN (T)
0,375kN Nce
A

S - Sistema real

-0,375kN

0,375 kN

S - Sistema virtual

- _ _ NL _
1x &g + ZRxassent. apoio = ZNa + ZIN.aATL

versdo 0
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BARRAS (nLn) (klf’a) (r:Z) (kT\I) (kNN) (?cT:) wraoy| NaAT.L iy

AB 3 | 200x10° [17,1x10*| -31,25 0 30 | 108x10° 0 0

AC 5 | 200x10° [17,1x10*| 18,75 0 30 | 180x10° 0 0

CE 5 | 200x10° [17,1x10%| -12,50 | 0,625 | 30 | 180x10° |112,5x105 | -11,422x10°
BC 4 | 200x10° [24,4x10*| -55,00 | 0,50 10 48x10° 24x10° | -22,541x10°
BD 5 | 200x10° |24,4x10*| 68,75 | 0,625 | 10 60x10° | 37,5x10° | 44,025x10°
cD 3 | 200x10° |24,4x10%| -21,25 | -0,375 | 10 36x10° | -13,5x10° [ 4,899x10°

DE 4 | 200x10° [24,4x10*| 6500 | 0,50 10 48x10° 24x10° | 26,639x10°
)3 184,5x10°| 41,6x10°

1x 8z + IRxassent.apoio =

_ NL _
2N — + IN.aATL
EA

8g + (-0,375) x (- 0,003) = 41,6 x 10™ +184,5x 10~

8g = 1,14x1073 m = 1,14 mm <=

b) DESLOCAMENTO DO NO D

. h . v P
Vamos calcular separadamente o deslocamento horizontal (8p ) e o deslocamento vertical (8p ) do né D.

b1) DESLOCAMENTO HORIZONTAL DO NO D (&%)

¢ Sistema virtual

REFERENCIAL

2

versdo 0 6/21 TTV —SAP — F3—ex.2
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¢ Sistema virtual - esforcos instalados nas barras

S - Sistema real S - Sistema virtual

- _ _ NL _
1XSB + X Rxassent. apoio = ZN A + IN.aATL

65 x4

6 2 t1X 1,2x10° x 10 X 4
200x10° X 24,4x10

SB =1x

8% = 1,013x10%m = 1,013 mm <&

versdo 0 7/21 TTV —SAP — F3—ex.2
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b2) DESLOCAMENTO VERTICAL DO NO D (6Y%)

¢ Sistema virtual

ZFX =0 REFERENCIAL
=y =0 B
>Me=0
He = 0
Vg +Ve =1
1x4-Vyx8=0
He =0
Ve =0,5kN 1
Vg =0,5kN 1 } 4.0m } 40m |
¢ Sistema virtual - esforcos instalados nas barras
Nag = 0
. =
N6 A Nac = 0
‘ 2R =0 Ngc +0,8 Ngp = 0
1 N =
neBl| 0000 | BC 2F, =0 -0,6 Ngp + 0,5 =0

a
O,SKNT Neo Ngc = —% kN (C)

5
Ngp = = kN (T
w0 =2 kN ()

gkN Nco ZFX =0 NDE — EXO,S =0
5 a Noe = 6
NoD| VN e e SF 0 5

Yy NCD +€X0'6 -1=0

2
Npe == kN (T
e =2k (7
NCD =0,5 kN (T)

versdo 0
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2kN | ) )

_>é _____ ZFy - 0 = _0,6 NCE _0,5— 0
N6 C a

o,skNl Nee Nee = == kN (C)

AT=30°C

S - Sistema real S - Sistema virtual

- _ _ NL _
1x 8) + XRxassent.apoio = 2N EA + 2N.aATL
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L E A N N | oaT | aaTL | < —NL
BARRAS U .0 .AT. N—
m) | (kpa) m) | &N | &N) | o) @120y N@-AT-L EA
AB 3 200x 10° [17,1x 10| -31,25 0 30 108 x 10°° 0 0
AC 5 200x 10° [17,1x10*| 18,75 0 30 180x 10°° 0 0
CE 5 200x 10° [17,1x10*| -12,50 -% 30 180x 10 | -150x 10~ 15,229 x 10~
BC 4 200x 10° [ 24,4x10*| -55,00 -% 10 48 x 10°° -32x10° 30,055 x 10~
BD 5 | 200x10° [ 24,4x10*| 68,75 % 10 60x10°° 50x10°° 58,700 x 10°°
CD 3 200x 106 | 24,4x 10| -21,25 0,5 10 36x10°° 18x 10 -6,532x 107
DE 4 200x 10°% [ 24,4x10*| 65,00 % 10 48 x 10 32x10°° 35,519 x 107
s 82x10° | 132,97x10°

- _ _ NL _
1x 85 + 2R xassent. apoio = ZNa + 2N.aATL

8p + 0,5x (-0,003) = -82x 10™ + 132,97 x 10
8h = 2,010x103m = 2,010 mm$

b3) DESLOCAMENTO TOTAL DO NO D (5,)

SB 1,013x103 m = 1,013 mm <o

8% = 2,010x10°m = 2,010mm ¢

&

o & = [(88)2 +(8%)? = +/1,01342,010° = 2,25mm g

versdo 0 10/21 TTV —SAP — F3—ex.2
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c) ROTACAO DA BARRA AB

¢ Sistema virtual

SF =0 He = 0
TF,E0 0 = (V=1 S
ZME:O 1—VBX8:0

3.0m

3.0m

He =0 REFERENCIAL

Vg = —0,125 kN |
] ‘é\
Vg = 0,125 kN 1

¢ Sistema virtual - esforcos instalados nas barras

1
3kN

N6 A B 'y o
Nag Nac

2h =0 0,8 Nac —2=0
— 3
2F =0 —0,6 Nac =Npg =0

5
Nac == kN (T
ac= 5 kN (T)

Nag = —0,25 kN (C)

‘Z
o
@®
W=
=
P

Nsc

a

0,125 kNT Nao

XK =0 Ngc +0,8 Ngp +== 0
- 3
2R, =0 ~0,6 Ngp — 0,25 + 0,125 =0

-1
Nec = =2 kN (€)

5
Ngp = —=— kN (C
o0 = o kN (C)

versdo 0
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5 YF =0 Npe + =x0,8= 0
24 = 254
N6 D a 2F, =0 Nep — —=X0,6 =0
NoD y Y R

-_1
Npe = 6kN (C)

Nep = 0,125 kN (T)

Nce |
NG E 0‘:251 _____ XF, =0 = 06N —0125=0
1
~kN 5
6 Neg = = kN (T
lO,125kN CE= 57 (T)

Q
/N

A\
0,125 kNT
/ 25 kN
R J0KN
27,5 kNT 0,125kN l

S - Sistema real S - Sistema virtual

versdo 0 12/21 TTV —SAP — F3—ex.2
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- _ _ NL ,
1x 8,5 + 2ZRxassent.apoio = XN ERA +2N.aATL

L E A N N AT o.AT.L — —NL
BARRAS -AT. AT N NL
m) | (kpa) (m?) kN) | (N) | O) |@eraxaoseg| N-@-AT-L E
AB 3 200x 10° 17,1 x 104 -31,25 -0,25 30 108 x 10~ -27x10° 6,853 x 10
AC 5 200 x 10° 17,1 x 104 18,75 % 30 180x 10 75x 107 11,422 x 10°
CE 5 200 x 10° 17,1 x 104 -12,50 % 30 180x 10 37,5x 10° -3,807 x 10°
BC 4 200x 10° 24,4-X10'4 -55,00 -% 10 48 x 107 -8x10° 7,514X10'5
BD 5 200x 10° 24,4 x 10+ 68,75 -% 10 60 x 107 -12,5x 105 -14,675 x 105
CcD 3 200 x 10° 24,4 x 104 -21,25 0,125 10 36x10°° 4,5 x 10° -1,633 x 10°
DE 4 200x 10° 24,4x10* 65,00 -% 10 48 x 107 -8x10° -8,880x 107
5 61,5x10° | -3,206x 10

- _ _ NL _
1x 0,5 + ZRxassent.apoio = ZNﬁ + IN.aATL

0,5 + (-0,125) x (-0,003) = 61,5x 10™ — 3,206 x 10
Bas = 2,08x 107 rad ¥\

versdo 0 TTV — SAP — F3—ex.2
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d) ROTACAO RELATIVA DAS BARRAS BC E BD (VARIAGAO DO ANGULO DBC)

¢ Sistema virtual

3.0m

025 KN|a, 025kN
RIS 7S o de

/a

3.0m TVB
of

Rl
. "D >
0,2kN ,é} E%r He

TVE

ZFX =0 Hg =0 REFERENCIAL
X, =0 = Vg =0 “@_\
>Mg=0 Ve =0

¢ Sistema virtual - esforcos instalados nas barras

N6A | =
Nac =0
Nee = 0
NGE| =
Npg =0
Ngc =0
N6C| =
Nep = 0,25kN (T)

versdo 0 14/21 TTV —SAP — F3—ex.2
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=0 = -08Ngp-02%0,6=0

Neg = —0,15 kN (C)

30°C

\L%D T

-21,25kN

S - Sistema real S - Sistema virtual

- - _ _ NL _
1x Bgc + 1x Bgp + ZRxassent. apoio = ZNa + IN.aATL

68,75 x5 -21,25x3
X 6 7 +0,25x 6 2t
200x10° x 24,4x10 200x10° x 24,4x10

— 0,15 x 1,2x10°x10 x 5+ 0,25 x 1,2x10°x 10 x 3

eCB + eBD = - 0,15

Bcp + Bpp = variagdo do angulo DBC = -1,38 x10™ rad (o angulo vai diminuir)

versdo 0 15/21 TTV —SAP — F3—ex.2
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e) VARIACAO DA DISTANCIA ENTREO NO AEO NO D

¢ Sistema virtual

ZFX =0 He =0 REFERENCIAL
S, =0 = Vg =0 “@\
ZME =0 VE =0

¢ Sistema virtual - esforcos instalados nas barras

313, YE =0 213 _
NG A 13 X 08 Nac =—3—=0
213y =
13 . = 3413
IQZE et 706 Nac ™ Nag #3357 = 0
Nas Nac
2,5/13
Nac = 13 kN (T)
1,5{13
Nag = 13 kN (T)
NCE =0
NGO E =

versdo 0 16/21 TTV —SAP — F3—ex.2
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= + =
158, YF =0 Ngc +0,8 Ngp = O
13 = =
N6 B T Nec YF, =0 0,6 Ngp + 242 = g
O? y 13
! a
} Nsp
2413
Ngc = —Y== kN (C
BC 3 (€
2,513
Ngp = = kN (T
BD 13 (T)
2513
DVISKN AN J J
13 o SF, =0 = Nep- 31;3 +O,6><2'51313 =0
N6 D % ,,,,,
2v13 1,513
EAAEARY -
13 313 Neo = == 35— kN (T)

S - Sistema real

S - Sistema virtual

versdo 0
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1x 64 + 1x &p

+ X R x assent. apoio =

_ NL _
IN— + IN.aATL
EA

L E A N N AT o.AT.L = ~ NL
BARRAS o .a.AT. N—
m) | kPa) | m) | «N) | (kN) | Q) |er2a0yg| NoAT-L E
AB 3 200x 10° [17,1x10*| -31,25 Li313 30 108 x 107 161“31‘?’)(10_5 -11,404 x 10
AC 5 200x10°% [17,1x104| 18,75 2,5v13 30 180x 107 & “13)(10_5 19,007 x 10°®
13 13
CE 5 | 200x10° |17,1x10*| -12,50 0 30 180x 107 0 0
BC 4 | 200x10° [24,4x10%]| -55,00 _% 10 48x10° | - 961"313 x10°| 25,007 x10°
BD 5 200x 10 [ 24,4x10*| 68,75 2'51“313 10 60x10°° 1523“ 13 x10_5 48,841 x10°
CcD 3 | 200x10° |24,4x10*]| -21,25 1,5v13 10 36x10° | 24v13 x10 > | -5435x10°
13 13
DE 4 200x 10 [ 24,4x104| 65,00 0 10 48 x10°° 0 0
z 199,69x10° | 76,016 x 10°
- - - _ NL _
1x 6, + 1x 6p + ZRxassent. apoio ZNa+ZN.aATL
5y + 8y = 76,0616x10°+ 199,69x10° = 2,757x10°m
6, + 6p =variagao da distanciaentreon6 Aeono B = 2,757 mm (afastamento)

versdo 0
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f) VARIACAO DA DISTANCIA ENTRE O NO C E A BARRA BD

¢ Sistema virtual

cos a =0,8
a =
sen a = 0,6
s = 18 = 0,36 kN
5
b = 3,2 = 0,64 kN
5
} 40m | } 40m | } 40m |
B B 0,216kN B

0,512kN

ZFX =0 Hg =0 REFERENCIAL
ZFy =0 = Vg =0 ‘@
ZME =0 VE =0

versdo 0 19/21
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¢ Sistema virtual - esforcos instalados nas barras

N6A| =
Nac =0
NCE =0
N6E| =
2k =0 Ngc = 0,6 kN (T)
N6 C =
2R, =0 Nep = 0,8 kN (T)
Nsp 0,8kN
>F, =0 = -0,8Ngp-0384=0
N6 D g
0,384 kN Ngp = —0,48 kN (C)
0,512kN

versdo 0 20/21 TTV —SAP — F3—ex.2
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/25 kN

S - Sistema real

S - Sistema virtual

1x 8gp

- _ _ NL _
+ 1x 6 + ZRxassent.apoio = ZNﬁ + IN.aATL

Ogp + O6¢ =variagao da distancia entre o n6 C e a barra BD = -0,425 mm

BARRAS (;) (krE>a) (r:z) (k':l) (k?\l) (?g) —rho| NaaTL | NEE
AB 3 200x 10 [17,1x10%] -31,25 0 30 108 x 107 0 0
AC 5 200x10° [17,1x10*| 18,75 0 30 180x 107 0 0
CE 5 200x10° [17,1x10*| -12,50 0 30 180x 107 0 0
BC 4 200x10° [ 24,4x10*| -55,00 0,6 10 48 x 107 28,8x10° -27,049 x10°°
BD 5 200x 10° [ 24,4x10*| 68,75 -0,48 10 60x 107 -28,8x10°° -33,811x10°°
CD 3 200x10° [24,4x104| -21,25 0,8 10 36x10° 28,8x10° -10,451 x10°°
DE 4 | 200x10°|24,4x10*| 65,00 0 10 | 48x10° 0 0
b2 28,8x10° |-71,311x 10
1x 6gp + 1x 8¢ + XRxassent.apoio = I N % + IN.aATL
8gp + 6c = -71,311x10°+ 28,8x10° = -4,251x10™*m

(aproximacao)

versdo 0
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